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Using the Bethe ansatz solution, we analytically study expansionary, magnetic and interacting
Gru¨neisen parameters (GPs) for one-dimensional (1D) Lieb-Liniger and Yang-Gaudin models. These
different GPs elegantly quantify the dependences of characteristic energy scales of these quantum
gases on the volume, the magnetic field and the interaction strength, revealing the caloric effects
resulted from the variations of these potentials. The obtained GPs further confirm an identity which
is incurred by the symmetry of the thermal potential. We also present universal scaling behavior
of these GPs in the vicinities of the quantum critical points driven by different potentials. The
divergence of the GPs not only provides an experimental identification of non-Fermi liquid nature
at quantum criticality but also elegantly determine low temperature phases of the quantum gases.
Moreover, the pairing and depairing features in the 1D attractive Fermi gases can be captured by the
magnetic and interacting GPs, facilitating experimental observation of quantum phase transitions.
Our results open to further study the interaction- and magnetic-field-driven quantum refrigeration
and quantum heat engine in quantum gases of ultracold atoms.
PACS numbers:
I. INTRODUCTION
The Gru¨neisen parameter (GP), originally introduced
to characterize the frequency change due to the varia-
tion of volume in a crystal lattice [1, 2], plays an impor-
tant role in the study of pressure and volume effects in
solid state materials. Usually, it was determined from
the ratio of thermal expansion to specific heat, quan-
tifying the pressure dependence of characteristic energy
scales of solid materials. Nowadays, it is extensively stud-
ied in geophysics [3, 4], plasma physics [5–7], chemistry
physics [8, 9] and various fields of physics. The GP has
recently been investigated in heavy fermion systems [10–
12]. The divergence of the GP in these systems shows
generic signatures of quantum criticality [13], revealing
the adiabatic magnetocaloric effect of the heavy-fermion
metals.
Dimensionless constants such as the Wilson ratio,
Wiedemann-Franz (WF) law [14] and the Kadowaki-
Wood ratio [15, 16] are very useful in the study of quan-
tum liquids and electronic transport properties. The na-
ture of these ratios essentially reflects the ratio between
two types of fluctuations. It is well known that the sus-
ceptibility(compressibility) Wilson ratio proposed in [17–
19] presents the ratio between the polarization (or parti-
cle number) fluctuation and the energy fluctuation. Al-
though there have been extensive studies on the GP in
various fields of physics, little work is carried out on the
GP for the quantum gases. This is mainly because both
thermal expansion and specific heat in quantum gases[20]
are notoriously difficult to be measured in experimental
study. A recent study [21] shows that the magnetocaloric
effect (or interaction driven caloric effect) can help to
measure the GPs in the controllable systems of ultracold
atoms.
The parameter [1, 2] reveals the spectrum change (an-
harmonicity of the frequency) to the variation of the vol-
ume of a crystal lattice. However, in literature, the for-
mulation of the GP seems to be miscellaneous for differ-
ent physical phenomena. By the definition of the GP, we
first present an explicit form of the GP in grant canonical
ensemble [21]
Γ =
V dpdT |V,N
dE
dT |V,N
=
1
T
∂2p
∂µ2
∂p
∂T − ∂
2p
∂µ∂T
∂p
∂µ
∂2p
∂µ2
∂2p
∂T 2 − ( ∂
2p
∂µ∂T )
2
(1)
where the Maxwell relations and general thermal relation
were used. This expression together with the relation (5)
presents a quantitative description of the caloric effect
which is induced by the variation of the system size.
The magnetocaloric effect is described by the so-called
magnetic GP
Γmag = −H
T
(∂S/∂H)|N,T,V
(∂S/∂T )|N,H,V =
H
T
∂T
∂H
|S,N,V , (2)
where S is the entropy. The magnetocaloric effect marks
the change of temperature in response to an adiabatic
change of H , see (6). This feature has been used for the
adiabatic demagnetization cooling [22, 23]. We would like
to mention that in contrast to some previous studies [24,
25], here we put the magnetic field H in the numerator to
make the GP dimensionless. Similarly, using the Maxwell
2relations and general thermal relations, we can obtain
the expression of the magnetic GP in grant canonical
ensemble [21]
Γmag = −H
T
∂2p
∂µ2
∂2p
∂H∂T − ∂
2p
∂µ∂H
∂2p
∂µ∂T
∂2p
∂µ2
∂2p
∂T 2 − ( ∂
2p
∂µ∂T )
2
. (3)
In ultracold atoms the interaction between two col-
liding atoms can be tuned by Feshbach resonances or
confinement-induced resonances. The contact interaction
can be regarded as a potential which changes the free en-
ergy in grand canonical ensemble. The interacting caloric
effect in quantum gases has been rarely studied [21, 26].
Similarly, the interacting GP, describing the change of
temperature in response to an adiabatic change of the
interaction, can be given by
Γint = −
c∂S∂c |N,H,T,V
T ∂S∂T |N,H,c,V
= − c
T
∂2p
∂µ2
∂2p
∂c∂T − ∂
2p
∂µ∂c
∂2p
∂µ∂T
∂2p
∂µ2
∂2p
∂T 2 − ( ∂
2p
∂µ∂T )
2
, (4)
where c denotes the interaction strength between atoms.
To summarize, the relations between the caloric effect
and the GPs are given by
∂T
∂V
|S,N,H,c = T
V
Γ, (5)
∂T
∂H
|S,N,V,c = T
H
Γmag, (6)
∂T
∂c
|S,N,V,H = T
c
Γint (7)
that provide plausible experimental measurements of the
GPs caused by the changes of the volume, magnetic
field and interaction, respectively. The given relation (7)
marks the change of temperature in response to an adi-
abatic change of the interaction strength. Similar to the
magnetic GP, the interacting GP is experimentally mea-
surable and can be used to quantify the adiabatic refrig-
eration driven by interaction. We will study these three
types of the GPs for the 1D Bose and Fermi gases in the
following sections.
In this paper, we systematically study the GPs for
1D quantum gases using Bethe ansatz solutions. We
analytically obtain the system size, magnetic field and
interaction-driven GPs for the Lieb-Liniger model [27]
and Yang-Gaudin model [28, 29]. The obtained GPs
show volume, magnetic field and interaction dependences
of characteristic energy scales of the quantum gases and
present the caloric effects resulted from the variations of
these potentials. Our results confirm the identity among
the three types of GPs [21] in 1D quantum systems
d · Γ + 2Γmag + Γint = 2, (8)
here d = 1 is the dimensionality. We also derive the uni-
versal singular behaviors of the GPs at the quantum crit-
ical points in the attractive Yang-Gaudin model [28, 29],
driven either by the magnetic field or the interaction.
The divergent behaviors of the GPs near quantum criti-
cal points show the enhancement of the caloric effects at
phase boundaries and help to elegantly obtain the phase
diagram and to realize quantum cooling.
The outline of this paper is as follows. In section II,
we study the GPs for the 1D Lieb-Liniger Bose gas. An-
alytical expression of the interacting GP is presented. In
section III, we present exact analytical expressions of the
GPs for the Yang-Gaudin model in the fully polarized
phase, fully paired phase and the Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) like pairing phase. We also studied
the phase transitions of the model in terms of different
GPs. We conclude with a brief summary in section IV.
II. GRU¨NEISEN PARAMETER FOR THE
LIEB-LINIGER MODEL
The Lieb-Liniger model [27], which describes the 1D
interacting bosons, is a prototypical Bethe ansatz solv-
able model [30]. It is one of the most extensively studied
many-body systems in ultracold atoms. The Hamiltonian
of the model is (~ = 2m = 1)
Hˆ = −
N∑
i=1
∂2
∂xi2
+ 2c
N∑
i<j
δ(xi − xj), (9)
where N is the total number of the spinless bosons con-
strained by periodic boundary conditions on a line of
length L. For repulsive (attractive) contact interaction,
the interaction strength c > 0 (c < 0). The coupling con-
stant c = −2~2/ma1D is determined by the 1D scattering
length, given by a1D =
(−a2⊥/2as) [1− C (as/a⊥)][31–
33]. Here the numerical constant C ≈ 1.4603.
The Bethe ansatz wave function for the Lieb-Liniger
model (9) is given by
Ψ =
∑
p
(−1)p
[ ∏
1≤i<j≤N
(
1+
ikpj − ikpi
c
)]
exp
( N∑
j=1
ikpjxj
)
(10)
where p stands for N ! permutations of integers 1, 2, ..., N .
The pseudo momenta kj satisfies the following BA equa-
tion
eikjL = −
N∏
l=1
kj − kl + ic
kj − kl − ic . (11)
The solution to the Eq.(11) provides complete spectra of
the Lieb-Liniger model with E =
∑N
j k
2
j .
In 1969, Yang and Yang [34] introduced the particle
hole ensemble to describe the thermodynamics of the
model in equilibrium, which is later called the thermody-
namics Bethe ansatz (TBA) approach [44]. In terms of
the dressed energy ε(k) = T ln(ρh(k)/ρ(k)) defined with
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FIG. 1: (a) The Gru¨neisen parameter (1) versa interaction
strength log c for the 1D Bose gas at different temperatures.
Here the total density is fixed n = 1. In the weakly coupling
limit, the system behaves as a free Bose gas for which the
GP Γ = 2. Whereas in the strongly coupling limit, it gives
a ferminized Tonks-Girardeau gas with Γ = 2. This value of
the GP shows a scaling invariant nature. (b) The interact-
ing Gru¨neisen parameter (4) versa interaction strength log c
for the strong coupling regime. Here we set T = 0.01 and
µ = 1, 0.75, 0.5. For a strong repulsion, we observe a good
agreement between the numerics (asterisks) and analytical
(solid lines) result Eq. (20).
respect to the quasi-momentum k at finite temperature
T , the TBA equation is given by
ε(k) = k2 − µ− Tc
π
∫ +∞
−∞
dq
c2 + (k − q)2 ln
(
1 + e−
ε(q)
T
)
,
(12)
where µ is the chemical potential. The dressed energy
ε(k) plays the role of excitation energy measured from
the energy level ε(kF ) = 0, where kF is the Fermi-like
momentum. The pressure p is given in terms of the tem-
perature and chemical potential
p =
T
2π
∫ +∞
−∞
ln
(
1 + e−
ε(k)
T
)
dk, (13)
serving as the equation of states of the system.
For a strong repulsive interaction, the gas is called the
Tonks-Girardeau (TG) gas [35]. In the TG limit, the
Bose-Fermi mapping can be used to study the ground-
state properties of the Bose gas, where the wave func-
tion of bosons can be written as the product of the sign
function and the wave function of the non-interacting
fermions. From the expressions of the GPs (1) and (4),
by solving the TBA equation (12) we can numerically
obtain the volume and interacting GPs, see Fig.1. In
Fig. 1(a) we see a subtle change of the GP as the inter-
action strenth varies from zero to infinity. In these two
limits, the scaling invariance leads to Γ = 2 in 1D.
It is particularly interesting to investigate the interact-
ing GP (4). In the strong interaction regime, γ = c/n≫
1, T/c2 ≪ 1, the TBA Eq.(12) can be expanded in the
powers of 1/c (up to the order of O(1/c3)) [36]
ε(k) ≈ k2 − µ− 2c
c2 + k2
p− 1
2
√
πc3
T
5
2Li 5
2
(−eA0T ), (14)
where A0 = µ +
2p
c − 4µ
5/2
15π|c|3 and Lis(z) =
1
Γ(s)
∫ +∞
0
ts−1
et/z−1dt denotes the polylogarimic function.
For simplicity, here we only consider the calculation up
to the order of 1/c2. Substituting the Eq.(14) into the
Eq.(13), we obtain the pressure
p = − 1
2
√
π
T
3
2Li 3
2
(−eAT ) (15)
with A = µ + 2cp. In the follow calculation, we further
restrict to the low temperature regime T ≪ c2 in order
to give an explicit form of the Gru¨neisen parameter in
the strong coupling. Using the series expansion of the
polylogarimic function [37]
Lis(−ex) = − x
s
Γ(s+ 1)
[1 +
Γ(s+ 1)
6Γ(s− 1)(
π
x
)2 + · · · ], (16)
we further get the equation of the state
p =
2
3π
µ
3
2 +
4
3π2c
µ2 +
28
9π3c2
µ
5
2 +O(
1
c3
), (17)
then A = µ + 43πcµ
3
2 + 83π2c2µ
2 + O( 1c3 ). The pressure
essentially depends on the chemical potential and inter-
action.
Substituting Eq.(17) into (15) and by iteration, af-
ter length algebraic calculation, we obtain the following
derivatives of pressure with respect to chemical potential
and temperature
∂p
∂µ
=
1
π
µ
1
2 +
8
3cπ2
µ+
70
9c2π3
µ
3
2 +O(
1
c3
)
∂2p
∂µ2
=
1
2π
µ−
1
2 +
8
3cπ2
+
35
3c2π3
µ
1
2 +O(
1
c3
)
∂p
∂T
= T (
π
6
µ−
1
2 +
2
9c
+
5
9πc2
µ
1
2 ) +O(
1
c3
)
∂2p
∂µ∂T
= T (− π
12
µ−
3
2 +
5
18πc2
µ−
1
2 ) +O(
1
c3
)
∂2p
∂T 2
=
π
6
µ−
1
2 +
2
9c
+
5
9πc2
µ
1
2 +O(
1
c3
). (18)
4By the definition of the GP (1) and (4), using the above
derivatives, we obtain the explicit expression
Γ = 2− 4
√
µ
πc
− 8µ
3π2c2
+O(
1
c3
), (19)
and
Γint =
4
√
µ
πc
+
8µ
3π2c2
+O(
1
c3
). (20)
Fig.1 (b) shows that the analytical result (20) agrees well
with the numerical calculation. This clearly indicates a
strong repulsion drives the system into a deal gas with a
scaling homogeneous spectrum in the limit c →∞. The
two figures in Fig.1 clearly indicate different features of
the expansionary and interacting GPs. Our result further
confirms the universal identity (8), namely
Γ + Γint = 2. (21)
This relation can be used to investigate interaction ef-
fect in quantum gases, see the analysis on quantum heat
engine in 1D Bose gas [26].
III. GRU¨NEISEN PARAMETER FOR THE
YANG-GAUDIN MODEL
In this section we will study the magnetic and interact-
ing GPs for the 1D Yang-Gaudin model with an attrac-
tive interaction [28, 29]. The existence of a Fulde-Ferrell-
Larkin-Ovchinnikov (FFLO) pairing state in the inter-
acting Fermi gas have been predicted by exact solutions
[38–40]. Recent breakthrough experiments on trapped
ultracold fermionic atoms confined to 1D have provided
a deep understanding of such a novel FFLO phase of
the Yang-Gaudin model [41], see a review [42]. Here we
will study the magnetic and interacting GPs throughout
the full phase diagram of the model. We will show uni-
versal divergent feature of the GPs near quantum phase
transitions, which can be used to probe quantum scal-
ing, caloric effects and quantum refrigeration in quantum
many-body systems.
The Yang-Gaudin model [28, 29] described the 1D
spin- 12 Fermi gas with a δ-function interaction. The
Hamiltonian reads
Hˆ = −
N∑
i=1
∂2
∂xi2
+2c
N∑
i<j
δ(xi−xj)− 1
2
H(N↓−N↑). (22)
in which the terms are the kinetic energy, interaction en-
ergy and Zeeman energy, respectively. HereN is the total
number of fermions in a length L and c < 0 indicate the
contact attractive interaction. The BA equations were
given by [28, 29]
eikjL =
M∏
α=1
kj − Λα + ic/2
kj − Λα − ic/2 ,
N∏
j=1
Λα − kj + ic/2
Λα − kj − ic/2 = −
M∏
β=1
Λα − Λβ + ic
Λα − Λβ − ic . (23)
The energy of the system is given by E =
∑N
j k
2
j . The
model has spin population imbalance caused by a dif-
ference in the number of spin-up and spin-down atoms.
The key features of this ground state phase diagram were
experimentally confirmed using finite temperature den-
sity profiles of trapped fermionic 6Li atoms [41], where
three quantum phases fully paired state, partially po-
larized FFLO like state and fully-polarized state exist
in chemical potential-effective magnetic field plane, see
[18, 42, 43].
In order to build up the thermodynamic Bethe ansatz
approach to the 1D attractive Fermi gas, we define the
dressed energy as ǫb(k) = T ln(ρh2 (k)/ρ2(k)) and ǫ
u(k) =
T ln(ρh1 (k)/ρ1(k)), corresponding to paired fermions and
unpaired fermions in the grand canonical ensemble, re-
spectively. According to the Yang-Yang method [34], by
minimizing the free energy the TBA equations are given
by [42, 44]
ǫb(k) = 2(k2 − µ− 1
4
c2) + Ta2 ∗ ln(1 + e−ǫ
b(k)/T )
+Ta1 ∗ ln(1 + e−ǫ
u(k)/T ),
ǫu(k) = k2 − µ− 1
2
H + Ta1 ∗ ln(1 + e−ǫ
b(k)/T )
−T
∞∑
l=1
al ∗ ln(1 + η−1l (k)),
ln ηl(λ) =
lH
T
+ al ∗ ln(1 + e−ǫ
u(λ)/T )
+
∞∑
m=1
Tlm ∗ ln(1 + η−1m (λ)), (24)
where an(x) =
1
2π
n|c|
(n|c|2 )
2+x2
and the function Tlm is given
in [42]. In the above equations, ‘∗’ denotes convolu-
tion, namely a ∗ f(x) = ∫ a(x − y)f(y)dy. And the
ηl(λ) :≡ ξhl (λ)/ξl(λ) are the ratio between the hole den-
sity ξhl (λ) and the particle density ξl(λ) of the length-l
strings, associated with the excitations of magnons. The
pressure is given by
p =
T
π
∫ ∞
−∞
dk ln(1 + e−ǫ
b(k)/T )
+
T
2π
∫ ∞
−∞
dk ln(1 + e−ǫ
u(k)/T ). (25)
The TBA equations (24) provide us with an analytical
way to study the Gru¨neisen parameters.
By taking integration by part in the pressure (25), we
then obtain the pressure p = p˜(1) + p˜(2) in terms of the
leading terms of the effective pressures
p˜(1) = − 1
2
√
2π
t
3
2Li 3
2
(−eA˜(1)/t),
5FIG. 2: (a) Phase diagram is mapped out from the contour plot of volume-driven GP Eq.(1) at t = 0.001. The values of
the interaction GP have sudden enhancement near the phase boundaries, showing the quantum phase transitions between two
different phases among fully-paired, fully-polarized and FFLO like phases. The white dashed lines stand for the analytical
zero temperature critical fields, see [43]. (b)-(d) show the volume, interaction and magnetic field driven GPs at µ˜ = −0.49
and t = 0.001, 0.0012, 0.0014 respectively, see Eqs.(1), (4) and (3). These GPs characterize universal scaling behaviour near a
quantum phase transition.
p˜(2) = − 1
2
√
π
t
3
2Li 3
2
(−eA˜(2)/t), (26)
where A˜(1) = A˜
(1)
0 − 2p˜(2) and A˜(2) = A˜(2)0 − p˜(2) − 4p˜(1).
The superscripts (1) and (2) denote unpaired and paired
fermions, respectively. Here we denote the effective
chemical potentials µ˜1 = µ˜ +
1
2h and µ˜2 = 2µ˜ + 1 for
unpaired fermions and paired fermions, respectively. For
convenience in our later calculation, we will use the fol-
lowing dimensionless quantities
A˜(r) =
A(r)
1
2 |c|
2 , µ˜ =
µ
1
2 |c|
2 , h =
H
1
2 |c|
2 ,
t =
T
1
2 |c|2
, p˜(r) =
p(r)
1
2 |c|3
.
In the Fig. 2(a), we contour plot the GP Eq.(1), which
shows a full phase diagram at low temperature and diver-
gent behaviors near the phase boundaries. At the phase
boundaries, these GPs display universal divergent behav-
iors. Fig.2 (b)-(d) present different GPs for a fixed the
effective chemical potential µ˜ = −0.49 and temperature
t = 0.001, 0.0012, 0.0014, respectively, showing sharp
peaks near the phase transition between the FFLO like
phase and fully polarized phase as well as between the
fully paired phase and the FFLO like state. At these
phase transitions, the GPs show a strong caloric effect
due to the entropy accumulation, facilitating realization
of quantum cooling and quantum heat engine. What fol-
lows will derive the GPs for different phases and scaling
functions of the GP at the quantum criticality.
6III.1. The GPs for the fully polarized phase
For a non-interacting system, scaling invariance gives
rise to a constant value of the GP, i.e. Γ = 2/d, here
d is the dimensionality. For the Yang-Gaudin model,
in the fully polarized phase, we have A˜(1) > 0 and
A˜(2) < 0. Therefore only the pressure of the fully po-
larized fermions p˜(1) contributes to the total pressure at
low temperatures, namely
p˜(1) = − 1
2
√
2π
t
3
2Li 3
2
(−eA˜(1)/t),
A˜(1) = A˜
(1)
0 . (27)
We may analytically obtain a series of all the deriva-
tives of the pressure with respect to the temperature and
chemical potential in the limit t≪ A˜(1)0 ≪ 1
p˜ =
√
2
3π
µ˜
3
2
1 +O(µ˜
2
1),
∂p˜
∂µ˜
=
1√
2π
µ˜
1
2
1 +O(µ˜1),
∂2p˜
∂µ˜2
=
1
2
√
2π
µ˜
− 12
1 +O(1),
∂p˜
∂t
= t(
π
6
√
2
µ˜
− 1
2
1 +O(1)),
∂2p˜
∂t2
=
π
6
√
2
µ˜
− 12
1 +O(1),
∂2p˜
∂µ˜∂t
= t(− π
12
√
2
µ˜
− 32
1 +O(µ˜
− 12
1 )),
∂2p˜
∂h∂t
= −t( π
24
√
2
µ˜
− 32
1 +O(µ˜
− 12
1 )),
∂2p˜
∂µ˜∂h
=
1
4
√
2π
µ˜
− 12
1 +O(1). (28)
It is straightforward to obtain the Gru¨neisen parameter
Γ ≈ 2. While, with the help of the definition Eq.(3), the
magnetic GP is given by Γmag = 0.
III.2. The GPs for the fully paired phase
In the fully paired phase, the system consists of pure
pairs in the ground state. At low temperatures, we have
A˜(1) < 0 and A˜(2) > 0. Therefore, the effective pressure
of paired fermions p˜(2) mainly contributes to the total
pressure. It follows that
p˜(2) = − 1
2
√
π
t
3
2Li 3
2
(−eA˜(2)/t),
A˜(2) = A˜
(2)
0 − p˜(2).
Similarly, we obtain the leading order of the derivatives
with respect to chemical potential and temperature
p˜ =
2
3π
µ˜
3
2
2 −
2
3π2
µ˜22 +
7
9π3
µ˜
5
2
2 +O(µ˜
3
2),
∂p˜
∂µ˜
=
2
π
µ˜
1
2
2 −
8
3π2
µ˜2 +
35
9π3
µ˜
3
2
2 +O(µ˜
2
2),
∂2p˜
∂µ˜2
=
2
π
µ˜
− 12
2 −
16
3π2
+
35
3π3
µ˜
1
2
2 +O(µ˜2),
∂p˜
∂t
=
πt
6
(µ˜
− 12
2 −
2
3π
+
5
6π2
µ˜
1
2
2 +O(µ˜2)),
∂2p˜
∂t2
=
π
6
(µ˜
− 12
2 −
2
3π
+
5
6π2
µ˜
1
2
2 +O(µ˜2)),
∂2p˜
∂µ˜∂t
= t(−π
6
µ˜
− 32
2 +
5
36π
µ˜
− 12
2 +O(1)),
∂2p˜
∂h∂t
= 0,
∂2p˜
∂µ˜∂h
= 0. (29)
Substituting these derivatives into Eq.(1), we obtain the
GP
Γ = 2 +
2
√
µ˜2
π
− 2µ˜2
3π2
. (30)
The last two terms in this expression indicate the inter-
action effect of the spin singlet interaction. In fact, for
the fully paired phase, the strongly attractive Fermi gas
without polarization can be regarded as the super Tonks-
Girardeau gas composed of bosonic Fermi pairs with a
weakly attractive pair-pair interaction. By a transforma-
tion c→ −c, µ2 = 2µ, we prove that Eq.(19) and Eq.(30)
are equivalent, i.e.
Γ = 2− 4
√
µ
πc
− 8µ
3π2c2
. (31)
Thus we see that the GP for the attractive Fermionic
pairs is equivalent to that of the hard-core bosons, see
(19). In addition, the magnetic GP (3) can be calculated
Γmag = 0.
III.3. The GPs for the FFLO like pairing phase
In the FFLO like pairing phase, the system exhibits
two states: paired and unpaired fermions. The spectra
of the system are subtly influenced by the system size,
interaction strength and magnetic field. In this phase,
A˜(1) > 0 and A˜(2) > 0. Therefore we need to solve
the two branches of the TBA equations (24). Without
losing generality, in order to capture the main features
of the GPs at low temperatures, here we only consider
the leading order of the effective pressures. By iteration
the TBA equations, the pressures of excess fermions and
bound pairs are respectively given by
p˜(1) = − 1
2
√
2π
t
3
2Li 3
2
(−eA˜(1)/t),
p˜(2) = − 1
2
√
π
t
3
2Li 3
2
(−eA˜(2)/t),
7A˜(1) = µ˜1 − 2p˜(2),
A˜(2) = µ˜2 − p˜(2) − 4p˜(1). (32)
Then we obtain the leading terms of the derivatives of
the pressure
∂p˜
∂µ˜
=
1√
2π
µ˜
1
2
1 +
2
π
µ˜
1
2
2 ,
∂p˜
∂t
= t(
π
6
√
2
µ˜
− 12
1 +
π
6
µ˜
− 12
2 ),
∂2p˜
∂µ˜2
=
1
2
√
2π
µ˜
− 12
1 +
2
π
µ˜
− 12
2 ,
∂2p˜
∂t2
=
π
6
√
2
µ˜
− 12
1 +
π
6
µ˜
− 12
2 ,
∂2p˜
∂µ˜∂t
= t(− π
12
√
2
µ˜
− 32
1 −
π
6
µ˜
− 32
2 ),
∂2p˜
∂h∂t
= − π
24
√
2
µ˜
− 32
1 t,
∂2p˜
∂µ˜∂h
=
1
4
√
2π
µ˜
− 12
1 . (33)
Thus by definition Eq.(1), the Gru¨neisen parameter for
the FFLO-like phase is given by
Γ = 2 +
1√
2
(
λ− 2λ
) (
λ− 12λ
)
1
4λ + 2λ+
5
2
√
2
, (34)
where the λ is defined by λ =
√
µ˜1/µ˜2 which is related to
the ratio between the densities of unpaired fermions and
bound pairs, i.e. µ˜1/µ˜2 ∼ n1/n2. This expression is valid
only for strong coupling limit that the rescaled tempera-
ture t is much less than unity. Here the effective chemical
potentials of unpaired fermions and paired fermions are
given by µ˜1 = µ˜ +
1
2h and µ˜2 = 2µ˜ + 1, respectively.
In the Fig. 3(a), we observe a good agreement between
the numerical result obtained from the TBA equations
(24) and the analytical results Eq.(34) at different effec-
tive chemical potentials. For small and large values of
the λ, the GP increases due to approaching to the phase
boundaries.
Similarly, at low temperatures, t ≪ 1, we obtain the
magnetic Gru¨neisen parameter from Eq.(3)
Γmag = − h
µ˜2
1− 2λ2
8
√
2λ+
√
2
λ + 10
. (35)
Here h = 2µ˜2λ
2 − µ˜2 + 1. The magnetic GP is also a di-
mensionless parameter and related to the magnetocaloric
effect, see Fig. 3. In this figure, we also observe a good
agreement between numerical and analytical results of
the GPS at low temperature T = 1.0×10−5 in the strong
coupling |c| = 10 and for different total chemical poten-
tials. From the Eq.(35), we observe that the magnetic GP
is equal to zero when the λ2 = 2. This point corresponds
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FIG. 3: (a) The Gru¨neisen parameter Eq.(1) vs the effective
chemical potential ratio λ for the FFLO-like phase. Dashed
lines show the numerical result from the Eq.(1) and the TBA
equations (24). The black solid line present the result of
Eq.(34) have a good agreement with the numerical result.
(b) The magnetic Gru¨neisen parameter Eq.(3) vs the effec-
tive chemical potential ratio λ for the FFLO-like phase. (c)
The interaction Gru¨neisen parameter Eq.(4) vs the effective
chemical potential ratio λ for the FFLO-like phase. A good
agreement between the numerical (symbols) and analytical
(dashed lines) results in the low density and low temperature
limits. All shown data have been set for low temperature
T = 1.0 × 10−5, |c| = 10 in strong coupling region and the
chemical potential µ2 = 0.001, 0.002, 0.004, respectively.
to the effective chemical potentials of excess fermions and
bound pairs are equal, named a critical polarization.
Moreover, with the help of the relation Eq.(8), we can
further obtain the interaction GP through the relation
Γint = 2 − Γ− 2Γmag. Substituting Eq.(34) and Eq.(35)
into Eq.(8), we have
Γint =
(
1
µ˜2
− λ2
) (
1− 2λ2
)
1√
2λ
+ 4
√
2λ+ 5
. (36)
In the Fig. 3(c), we observe that the result Eq.(36) is
in a good agreement with the numerical result obtained
from the TBA equations (24) according to the defini-
tion Eq.(4). This agreement further confirms the identity
Eq.(8) among the three types of GPs. The interaction
GP shows an interacting caloric effect which looks oppo-
site to the magnetocaloric effect. We also notice the zero
point of the interacting GP at λ2 = 2, see Fig. 3(c). This
point is very special because the GP is a constant Γ = 2,
i.e. the energy spectrum has a scaling invariant. This
opens a new way to realize adiabatic interacting quan-
tum cooling in quantum gases of ultracold atoms, also
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FIG. 4: The Gru¨neisen parameter vs. magnetic field for fixed
rescaled chemical potential µ = −0.245. By the definition
(1), the numerical result of the GP is obtained from the TBA
equation (24). For the strong coupling region, we observe that
the GP is very close to the line Γ = 2 in the fully-polarized
phase and in the fully-paired phase due to scaling invariant
nature. It shows the universal singular behavior near the
quantum phase transition.
see cooling and thermometry of atomic Fermi gases [45]
III.4. The Gru¨neisen parameters at quantum
criticality
Quantum phase transitions occur in the 1D attractive
Fermi gas at zero temperature by varying the external
fields like chemical potential and magnetic field. In the
Fig.2, we find that the Gru¨neisen parameters display sin-
gular behavior near the quantum critical points. Such a
kind of singular behaviour has been used to signify quan-
tum phase transition [13, 20]. Hence, the GPs can be
regarded as good probe for quantum criticalities and uni-
versal scaling behaviors. An important observation of the
GPs is that both the magnetic field and interacting GPs
characterize the caloric effects for quantum cooling and
heat engines. Here we further study the GPs for the 1D
attractive Yang-Gaudin model, in which the potentials
drive the system into four different phases, i.e. vacuum,
fully paired, FFLO-like pairing (partially polarized) and
fully polarized phases, see the Fig. 2 (a).
Fig.4 and Fig.5 show the magnetic field and interact-
ing GPs at different temperatures, respectively. In Fig.4,
we fixed the chemical potential µ = −0.245. The long
black dashed line stands for the constant value Γ = 2 in
the two figures. We observe that GPs are very close to
the value of Γ = 2 in the fully polarized phase and in
the fully paired phase, where for t ≪ 1 the system has
scaling invariant nature. However, near the phase bound-
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FIG. 5: The Gru¨neisen parameter vs. interaction strength
c for fixed chemical potential µ = −0.2 and magnetic field
H = 0.5. By the definition (1), the numerical result of the
GP is obtained from the TBA equation (24). For the strong
coupling region, we observe that like Fig.4, the GP is very
close to the line Γ = 2 in the fully-polarized phase and in the
fully-paired phase due to scaling invariant nature. It shows
the universal singular behavior near the quantum phase tran-
sition.
aries, they are suddenly enhanced and show a universal
divergent nature. This elegantly characterizes the critical
phenomenon of the model, i.e. thermodynamic quanti-
ties display universal quantum scalings in the vicinities of
critical points as temperature approaches to zero. What
follows will discuss the scaling functions of the GPs near
the two non-trivial phase transitions: from fully-paired
phase to the FFLO like phase and from FFLO-like state
to the fully-polarized phase. The calculation is presented
in the Appendix.
Phase transition P− FFLO. Firstly, we discuss the
GPs near the phase boundary between the fully paired
phase and the FFLO like state. We assume that the
phase transition from the fully paired phase to the FFLO
like phase is driven by the effective chemical potential
µ˜. The phase boundary P− FFLO for strong coupling is
determined by µ˜c1 = −h2+ 43π (1−h)
3
2 , where 0 < 1−h≪
1. Up to the second order of (1 − h), we get the scaling
functions of the thermodynamics quantities:
n˜ =
∂p˜
∂µ˜
=
2
π
√
b− 1
2
√
2π
t
1
2R0( A˜1
t
)
s˜ =
∂p˜
∂t
=
1
2
√
2π
t
1
2R1( A˜1
t
)
m˜ =
∂2p˜
∂µ˜2
=
2
π
√
b
+
1
2
√
2π
t−
1
2R2( A˜1
t
)
c˜v/t =
∂2p˜
∂t2
= − 1
2
√
2π
t−
1
2R3( A˜1
t
)
9∂2p˜
∂µ˜∂t
=
1
2
√
2π
t−
1
2R4( A˜1
t
)
∂2p˜
∂h˜∂t
=
1
4
√
2π
t−
1
2R4( A˜1
t
)
∂2p˜
∂µ˜∂h
=
1
4
√
2π
t−
1
2R2( A˜1
t
), (37)
here A˜1 = (µ˜− µ˜c1) and b = (1−h)(1+ 2π
√
1− h). While
the analytic function Ri(i = 0, 1, 2, 3, 4) are given by
R0(x) = Li 1
2
(−ex)
R1(x) = −3
2
Li 3
2
(−ex) + xLi 1
2
(−ex)
R2(x) = −Li− 12 (−e
x)
R3(x) = 3
4
Li 3
2
(−ex)− xLi 1
2
(−ex) + x2Li− 12 (−e
x)
R4(x) = −1
2
Li 1
2
(−ex) + xLi− 12 (−e
x). (38)
By the definition of the GP (1), we obtain the an explicit
form
Γ =
4
√
2b
π
t−
1
2G( µ˜− µ˜c1
t
), (39)
where b = (1 − h)(1 + 2π
√
1− h) and
G(x) = R4R2R3 +R4R4 . (40)
As the rescaled temperature t ≪ 1, the GP (1) has an
universal scaling t−
1
2 for the phase transition P− FFLO.
In Fig.6(b), we demonstrate this universal scaling behav-
ior for the phase transition P− FFLO.
Similarly, by the definition of the magnetic GP Eq.
(3), we obtain the scaling function of the magnetic GP
Γmag = h
2
√
2√
π
√
b
t−
1
2G( µ˜− µ˜c1
t
). (41)
This shows a similar universal scaling behaviour of the
magnetic GP, Γmag ∝ t− 12 .
Regarding the scaling property of the pressure p =
c3
2 p˜(
µ
c2/2 ,
T
c2/2 ,
H
c2/2 ), we can obtain
∂2p
∂c∂T
=
1
c
[
∂p
∂T
− 2µ ∂
2p
∂µ∂T
− 2T ∂
2p
∂T 2
− 2H ∂
2p
∂H∂T
]
∂2p
∂c∂µ
=
1
c
[
∂p
∂µ
− 2µ∂
2p
∂µ2
− 2T ∂
2p˜
∂T∂µ
− 2H ∂
2p
∂H∂µ
].(42)
we have the following results
∂2p
∂c∂T
=
√
2
c
(−µ 1√
2π
−H 1
2
√
2π
)T−
1
2R4(A1
T
)
∂2p
∂c∂µ
=
2
π
√
b− c
2
2
µ
4
π
√
b
−
√
2
c
µ
1√
2π
T−
1
2R2(A1
T
)
−
√
2
c
H
1
2
√
2π
T−
1
2R2(A1
T
)]. (43)
From the definition of the interaction GP (4), we have
an explicit form of scaling function
Γint = −4
√
2
√
b√
π
t−
1
2G( µ˜− µ˜c1
t
)
−h 4
√
2√
π
√
b
t−
1
2G( µ˜− µ˜c1
t
) (44)
It can be seen from the scaling functions that three types
of GPs satisfy the identity
Γ = 2− 2Γmag − Γint. (45)
Phase transition FFLO− F. We now consider the
GPs near the phase transition from the FFLO-like pair-
ing phase to the fully polarized phase. This phase tran-
sition occurs by the variation of the chemical potential
µ˜ too. The critical phase boundary is determined by
µ˜c2 = − 12 + 13π (h− 1)
3
2 , here h > 1. We expand it to the
second order of (h−1), we obtained the scaling functions
of the thermodynamics quantities:
∂p˜
∂µ˜
=
√
a
2π
− 1√
π
t
1
2R0( A˜2
t
),
∂p˜
∂t
=
1
2
√
π
t
1
2R1( A˜2
t
),
∂2p˜
∂µ˜2
=
1
2π
√
a
+
2√
π
t−
1
2R2( A˜2
t
),
∂2p˜
∂t2
= − 1
2
√
π
t−
1
2R3( A˜2
t
),
∂2p˜
∂µ˜∂t
=
1√
π
t−
1
2R4( A˜2
t
),
∂2p˜
∂h˜∂t
= −
√
a
2π
3
2
t−
1
2R4( A˜2
t
),
∂2p˜
∂µ˜∂h
=
1
4π
1√
a
−
√
a
π
3
2
t−
1
2R2( A˜1
t
), (46)
where by definition A˜2 = 2(µ˜ − µ˜c2) and µ˜c2 denotes
the critical chemical potential. In the above equation
a = (h − 1)(1 + 23π
√
h− 1), which is almost a constant.
The scaling function of the GP at this phase boundary
is given by
Γ =
√
a
2
√
π
t−
1
2G(2(µ˜− µ˜c2)
t
). (47)
The GP near the phase transition shows the same scal-
ing behaviour Γ ∝ t− 12 as that for the phase transition
P− FFLO. Moreover, the scaling function of the mag-
netic GP near the phase transition FFLO − F is given
by
Γmag = −h
1
π +
1√
a
4
√
π
t−
1
2G(2(µ˜− µ˜c2)
t
). (48)
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FIG. 6: Universal scaling behavior of the GP vs the rescaled
chemical potential µ˜ at different temperatures t = 0.001,
0.002, 0.003, 0.004. The GP is calculated by using the TBA
equation (24). The intersections in the left and right panels
give the phase boundaries of the F− FFLO and P− FFLO
transitions, respectively.
In order to calculate the interacting GP (4), we obtain
the quantities
∂2p
∂c∂T
=
√
2
c
(−µ 2√
π
+H
√
a
π
3
2
)T−
1
2R4(A1
T
),
∂2p
∂c∂µ
= − 2
c2
µ
1
π
√
a
− 2
c2
H
1
2π
√
a
−
√
2
c
µ
4√
π
T−
1
2R2(A1
T
)
+
√
2
c
H
2
√
a
π
3
2
T−
1
2R2(A1
T
)]. (49)
Then we obtain the scaling function of the interacting
GP
Γint = h
1
π +
1√
a
2
√
π
t−
1
2G(2(µ˜− µ˜c2)
t
)
−
√
a
2
√
π
t−
1
2G(2(µ˜− µ˜c2)
t
). (50)
Fig. 6(a) shows the scaling behavior near the phase tran-
sition FFLO− F. We further prove that these scaling
functions of the GP at quantum criticality also satisfy
the identity
Γ = 2− 2Γmag − Γint. (51)
IV. CONCLUSION
We have derived various expressions of the Gru¨neisen
parameters for studying magneto- and interaction-
driven-caloric effects of quantum gases. Using the Bethe
ansatz solution, we have obtained the expansionary, mag-
netic and interacting Gru¨neisen parameters for various
quantum phases in the 1D integrable Bose and Fermi
gases. The obtained Gru¨neisen parameters confirm the
identity found in [21], revealing an important symmetry
of the thermal potentials. These GPs elegantly quantify
the dependences of characteristic energy scales of quan-
tum gases on the volume, the magnetic field and the in-
teraction strength, and present the caloric effects induced
by the variations of these potentials. In particular, such
different GPs for the 1D attractive Fermi gas significantly
quantify the magneto- and interaction-driven-caloric ef-
fects of quantum gases in the fully-paired, FFLO like
and fully-polarized phases. We have also obtained uni-
versal scaling behaviors of the GPs in the vicinities of the
quantum critical points in the interacting Fermi gas. It
turns out that the divergence of the GPs not only pro-
vides an experimental identification of non-Fermi liquid
nature at quantum criticality but also remarkably deter-
mine full phase diagram of the gases at low temperature
regimes. In addition, our results provide an alternative
way of quantum cooling through the quantum adiabatic
interaction ramp-up and -down in quantum gases of ul-
tracold atoms. Our methods opens to further study the
interaction- and magnetic-field-driven quantum refriger-
ation and quantum heat engine in quantum gases of ul-
tracold atoms.
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2.magnetization.
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3.susceptibility.
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4.compressibility.
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5.entropy
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6.specific heat
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7.the magnetization effect
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where F
(r)
n = tnLin(−eA˜(r)/t), r = 1, 2.
